In the Collatz problem, there are 3 possibilities. Starting from any positive number we either reach the trivial loop (1,4,2), end up in a non-trivial loop, or go till infinity. We will show here that there are no non-trivial loops other than the trivial (1,4,2) for positive integers. Also we shall discuss the properties of loops in the generalized Collatz problem.
While iterating the function f, there are 3 possibilities. Starting from any positive number we either reach the trivial loop (1, 4, 2) , end up in a non-trivial loop, or go till infinity. In this paper we will show that no non-trivial loops exist.
Note: In this paper we are proving only for positive integers
Considering only odd integers
Now if we consider only odd integers of the Collatz sequence, and modify the function as follows Consider the function for odd integers T (x) = (3x + 1) 2 k where k is the highest power of 2 that divides 3x + 1 For example, We have for x = 7 T (7) = 11, T 2 (7) = 17, T 3 (7) = 13, T 4 (7) = 5, T 5 (7) = 1, T 6 (7) = 1, T 7 (7) = 1, ...
and so on. k i being the highest power of 2 that divides 3T i−1 (x) + 1. We shall have the sequences for positive odds as follows:
and so on...
(2)
If we can show that no loop exists for T (x) (for odd integers x > 1) then no loops exist for the Collatz function f (x) except the trivial loop (1, 4, 2) . In this paper we shall consider only those loops other than the trivial (1, 1, 1, ...) for m = 1 ie., we shall assume that m ≥ 2 throughout this paper. 
Some inequalities
For a 1 = a m+1 , ie., for a loop containing m odd numbers, we shall have, ) m Therefore we must have,
Hence, we have
From the above, we can say that in all loops with m odd numbers if a min is the minimum, then a min will not exceed κ(m). Hence, if we check all numbers till κ(m) and find no loops, then no loop exists with m odd numbers.
Note: We shall come back to the function κ(m) when considering the generalised conjecture, later in this paper.
Bounds for the minimum element in a loop
Let us now suppose, that (except the trivial loop) we have not found any loop of odd numbers till (m-1) Now, if a loop exists with m odds, then the minimum a min of that loop, must lie between, κ(m − 1) and κ(m). Hence, we shall have
Note: Here we have assumed that no loops exists till (m − 1) for m > 2 and hence we will show that no loops exists for m. It will clearly solve the problem, since it is very easy to check that there are no loops for m ≤ 3 using the above bounds, and the problem is solved through induction.
Also notice that this is the part where other iterations like 5x + 1, 7x + 1, etc. fail, because the lower bound κ(m − 1) doesn't hold true. We'll come to it later in this paper.
Deriving the proof
We know that, Recalling that, κ(m) = , we have
For m ≥ 2, we have η < 1. Hence, D < η < 1 for m ≥ 2. Hence, we have the proof.
Therefore for m ≥ 2 we have no loops. Hence, the Collatz function f(x) also has no loops.
The Generalized Collatz function
Consider the generalized function for odds p, q
We transform the function to τ (x) = (px − q) 2 k where k is the highest power of 2 that divides px − q. Then we have
Here, we analyse the example case 3x-1, 5x+1, etc. before ending this paper
Example case: 3x − 1
Therefore,
Now, consider κ 2 (3, −1) < 6.
Hence, if we check all numbers till 5 and don't find a loop of 2 odd integers, then we can show that no loops exists that is consisting of 2 or more odd integers. (The proof will be similar to that of 3x+1 above). But there exists the loop (5,7,5,7,..) which has 2 odd numbers, hence our proof stops right there. Now suppose, it has been shown or verified that there are no loops consisting of more than (r − 1) odd numbers < κ r (3, −1). Then we shall have that no loops exist that consists of r odd numbers. Hence, if there was to be a loop of r + 1 odd numbers, their minimum a min must lie between κ r (3, −1) and κ r+1 (3, −1), ie.,
and if we can show that there does not exists such a min , then for any number n > r there are no loops with n odd numbers.
Example case: 5x + 1
Therefore, a 1 < κ m (5, 1) Where a 1 is minimum among a 1 , a 2 , ..., a m κ m (5, 1) = 1
Now, consider κ 2 (5, 1) < 11.
Hence, if we check all numbers till 10 and don't find a loop of 2 odd integers, then we can show that no loops exists that is consisting of 2 or more odd integers. (The proof will be similar to that of 3x+1 above). But there exists the loops (1,3,1,3 ,..) which has 2 odd numbers, hence our proof stops right there. Now suppose, it has been shown or verified that there are no loops consisting of more than (r − 1) odd numbers < κ r (5, 1). Then we shall have that no loops exist that consists of r odd numbers. Hence, if there was to be a loop of r +1 odd numbers, their minimum a min must lie between κ r (5, 1) and κ r+1 (5, 1), ie., κ r (5, 1) < a min < κ r+1 (5, 1) and if we can show that there does not exists such a min , then for any number n > r there are no loops with n odd numbers.
With this I end my paper, and I just wanted to say "Eureka!!! Eureka!!!"
